We study a model of massive photons with a parity invariant and non-local mass term. We identify a discrete symmetry of the classical equations of motion and show that this symmetry can be thought of as an electric-magnetic duality valid only in the presence of a non-zero photon mass. We explore this duality and discuss some features of the theory. We define notions of electric and magnetic charge that can be computed in any spatial domain as a volume integral of a density. These integrals can be transformed into integrals on the boundary. For instance, the electric charge is given by the sum of the electric flux through the boundary of the domain and a line integral of the dual gauge field along that same boundary. We show that electric and magnetic charge is quantized q m q e = 2πnm γ /e 2 , where e is the coupling constant and m γ is the mass of the photon. Classical field configurations associated with external electric and magnetic charges as well as the classical forces between electric and magnetic charges are computed.
Introduction and summary
Massive gauge bosons are of central importance to many lines of development in particle and condensed matter physics. Yet it is not straightforward to give gauge bosons a mass. The naive mass term, quadratic and local in the gauge field, m 2 A µ A µ , is not gauge invariant. It gives a mass to the longitudinal component of the gauge field, which is neither gauge invariant nor has a kinetic term, and results in inconsistencies that cannot be cured.
The best known mathematically consistent way to give gauge bosons a mass is the Higgs mechanism. The Higgs mechanism requires the addition of new charged scalar degrees of freedom. If these charged scalar fields have a nonzero expectation value in the true vacuum of the theory, the gauge bosons that couple to the scalar fields acquire a mass and the would-be Goldstone modes are absorbed as the longitudinal components of the massive vector bosons. In addition to the massive gauge bosons, there are typically massive scalar degrees of freedom left in the spectrum. Therefore, the Higgs mechanism adds additional degrees of freedom to the spectrum beyond the desired massive vector bosons.
In three dimensions, there is another way of giving gauge bosons a mass: through the introduction of a Chern-Simons term [1] . The Chern-Simons term is a gauge-invariant but parity-violating term that results in a mass for the photon without the introduction of additional degrees of freedom. We will have virtually nothing to say about this mechanism except for a passing remark in the concluding section of the paper.
The present paper is a study of aspects of a lesser known method of giving gauge bosons a mass [2, 3, 4, 5, 6, 7] . In this model of massive gauge bosons, one sacrifices locality but retains gauge and parity invariance. Non-locality may strike one as an unacceptable feature but, as we shall see, the particular non-locality we need is of a mild variety and amounts to an ordinary mass term for the transverse gauge field. The theory is perfectly local in the transverse, physical, polarizations of the photon. The theory is also the effective theory derived in the context of hard thermal loops [2, 3] and can be viewed as the effective field theory of the Abelian Higgs model, a manifestly local theory, in which the massive component of the Higgs field is arranged to have a much larger mass than the photon and is integrated out (or, more plainly, frozen to its classical expectation value).
The main conclusion of this paper is that the classical theory of massive photons has an electric-magnetic duality that exchanges one massive photon for a different one. We explore the consequences of this duality and show that two equivalent descriptions of the theory exist in which the electric sources of one theory are magnetic sources of the other. We then show that in any given domain, the electric charge can be computed by an integral at the boundary of the domain. The integral is the sum of the flux of the electric field through the boundary and a line integral of the dual gauge field along the boundary. A similar result holds for the magnetic charge. Interestingly, if the domain is taken to be the infinite plane, the charge of localized sources is obtained entirely from the line integral of the dual gauge field (the electric-field flux vanishes at infinity as one would expect for a massive photon) at infinity. We also show that charge is quantized by considering a quantum magnetic test particle in the presence of an electric source.
Massive Abelian gauge theory
This paper is concerned with the following classical theory:
where Γ satisfies
and l µ (x) is defined through the relations:
The first of the above equations, (3), implies
The second equation, (4), determines λ to yield
Thus l µ is the gauge invariant transverse gauge field or, equivalently, the gauge field A with its longitudinal component projected out. The mass term, Γ[A], can be written down explicitly and appears below in equation (20).
The equations of motion of this theory expressed in terms of the gauge field strength and l are:
Using (3) this can be rewritten as:
where the second equality follows from (4). Thus l µ , the transverse gauge field, satisfies the Klein-Gordon equation with mass m. Next, we define the Hodge dual of F :
which can be used to reexpress the Bianchi identity and equation of motion, respectively, as follows:
The complete set of equations of motion and identities are:
These equations can be expressed compactly as:
Note that the first three equations are identities and only the last equation is a true equation of motion.
A duality
The above equations are invariant under the following transformation:
This symmetry of the equations of motion presumes that the mass is nonzero. Note that the odd appearance of the mass is consistent with the fact that L and l have different mass dimensions. The transformation (17) is not an invariance of the action, but rather the action picks up a minus sign under it. To see this more explicitly, we first write down Γ(A) in closed form. As noted above
where
ν is a projection operator on to the transverse part of the gauge field. It satisfies the usual defining propoerty of a projection operator: P 
Thus Γ(A) from (1) can be written explicitly as:
and the complete action is:
It is clear that under (17), the action is only invariant up to an overall minus sign. This feature -the non-invariance of the action -is shared by the electricmagnetic duality of Maxwell theory in 4 dimensions. A discussion of this point in the 4D theory and the construction of a duality invariant action can be found in [8] .
Since the transformation (17) is only valid when m = 0, it is convenient to redefine the fields so that l and L have the same dimension. Rescaling l → ml, the equations (16) become:
and the transformation (17) takes the simpler form:
In the remainder of this section, we will explore the meaning of this symmetry of the equations of motion and argue that it is, as far as we are aware, a new electric-magnetic duality valid only for massive gauge theories.
In the massless case, electric-magnetic duality refers to the exchange of the Bianchi identities with the equations of motion. This can be expressed as exchanging the field strength F for its Hodge dual * F . In 2 + 1 dimensions, under this duality, the massless gauge field is exchanged for a massless scalar field φ with F = * dφ. With this identification, what were previously called the equations of motion are identically satisfied, while what was the Bianchi identity has to be imposted as an equation of motion for the scalar field ∂ µ ∂ µ φ = 0. This is all well known.
We would like to proceed by analogy with the massless case. We thus separate the equations (22) into identities and equations of motions. As already mentioned, there are three identities
The three equations that constitute (24) are respectively the Bianchi identity and the defining equations for l. The equation of motion is dL + m * l = 0.
(25)
We will call this description "Theory A". The identities (24) can be solved in terms of a vector field A:
and the equation of motion can be derived from the previously discussed action:
where the label A has been added to the action to indicate that the theory is to be understood in terms of the gauge field as given in (26).
We will now define the dual theory, "Theory B", as the identities:
and the equation of motion:
Just as with Theory A, the first of the identities in (28) serves as a Bianchi identity and the remaining two equations define L. As with Theory A, the identities (28) can be solved in terms of a new vector field a:
and the equation of motion can be derived from the action:
The label B indicates that the theory is to be understood in terms of the gauge field a as given in (30).
Static sources, electric and magnetic charges, and test particles
The terms "electric" and "magnetic" have specific meanings that are independent of what we have chosen to call electric-magnetic duality. Namely, electric charges produce electric fields (E i = F 0i = −ǫ ij L j ), while magnetic charges produce a magnetic field B = F 12 = L 0 . We turn now to static sources that couple to the gauge fields of Theory A and Theory B.
Static sources
Consider a static external source J = q e δ (2) (r)dt in Theory A, δS A = d 3 xA µ J µ . The coupling to the gauge field A µ is such that J represents an electric source of Theory A. With the introduction of the source, the equation of motion (25) changes to:
or expressed in terms of the gauge field and it's associated field strength:
For a static source, we can take A µ to be independent of time and the equations can be solved, in analogy with Maxwell theory, by setting A 0 = φ, A i = 0:
The above equation is solved by:
where K 0 is the zeroth modified Bessel function of the second kind. Note that the only non-zero component of the field strength is the electric field:
as one would expect for a static electric source. In the above equation, we used the relation K ′ 0 = −K 1 , where K 1 is the modified Bessel function of the second kind of order 1.
We now express the above solution in terms of the fields of Theory B. Since l 0 is the only non-zero component of l, the field strength associated with the gauge field a is
Thus we find that the static electric source in Theory A produces a magnetic field in terms of the fields ofTheory B and no electric field. We conclude, therefore, that electric charges in Theory A are magnetic charges in Theory B and vice versa.
Of course, an identical set of steps can be carried out for a static source that couples minimally to the gauge field, a µ , in Theory B: the source j = q m δ (2) (r)dt couples to a µ through the term in the action δS B = d 3 xa µ j µ . The equation of motion is solved by:
The field strengths associated with this configuration in Theory A and Theory B can be summarized as follows:
as one would expect for a static electric source. Expressed in terms of the fields of Theory A, the field strength associated with the gauge field A the solution is
Thus, we have established that electrically charged particles of Theory A are magnetically charged in Theory B and vice versa.
Computing Charges
In Maxwell theory, the electric charge contained in any domain D is computed by the integral:
where in the second step we used the well-known conversion of the volume integral of the divergence of the electric field to its flux through the boundary of D, ∂D. From the considerations in the previous subsection, we can define a similar quantity in Theory A:
The first integral can again be converted, as before, to a surface integral at the boundary of D. What about the second term? It too can be converted to a surface integral by noting that l 0 can be expressed as
The charge can then be computed as
In analogy with the above considerations, a similar quantity can be defined in Theory B:
where e i = f 0i .
As an example we can compute the charge of the static solutions of the previous subsection. In the case of the static electric charge in Theory A, the electric field, E i = −∂ i φ. In order to calculate the charge, we need to compute two integrals in either form (42) or (45). If we want to use the second form (45), we need to find a µ first. It is straightforward to check that
For simplicity we will compute Q[D] for D = {(x, y) : x 2 + y 2 < r 2 } and ∂D{(x, y) :
This charge is independent of r. It is interesting to note that as r → ∞, only the second term contributes to the charge since K 1 vanishes exponentially. We can also compute the magnetic charge q[D] for the same field configuration. Since a = a θ (r)dθ, e = 0 and A = A 0 dt,
As noted in the previous paragraph, when the electric charge is computed on the infinite plane, the electric-field flux contribution to the charge vanishes at infinity but the line integral of the dual gauge field does not and alone accounts for the entire charge. The surprise here is that while one expects the charge in the bulk to be screened due to the photon mass, it nevertheless can be "seen" at infinity via the line integral of the dual gauge field. One may wonder if there are implications for reconciling confinement with screening in non-Abelian theories with effectively massive gluons 1 .
Test charges
Next we consider introducing test charges into an arbitrary field configurations. There are two obvious types of test particles: ones that couple minimally to A µ , or "electric" particles:
and those that couple minimally to a µ , or "magnetic" particles:
In the electric test particle case, the equation of motion is:
while for the magnetic test particle case:
By using the expressions for the electric field produced by a static electric source given in (36), we can find the "Coulomb" force law by using the above equations of motion for a test electric particle:
Two magnetic charges also have the same force law with magnetic charges replacing the electric ones in the above expression. We can also find the equation of motion of a magnetic charge in the presence of a static electric source:
where v i is the velocity vector of the magnetic test charge.
Charge quantization
So far we have discussed a version of massive electrodynamics in purely classical terms. Without attempting to quantize the massive photon theory, we can consider the quantum mechanics of a test particle in the gauge theory background. In particular, let us consider a magnetically charged particle in the background of a charged static electric source. That is, we are considering the quantum mechanics of a test particle coupled minimally to a µ , where a µ is given by the expression (47). When the test magnetic charge is transported along a closed path C around r = 0, the location of the static electric charge, the wavefunction of the test magnetic charge, q m , picks up a phase:
If we take C to be at infinity, the phase:
If we require that at infinity the phase factor is 1, we have a quantization condition on the product of electric and magnetic charges allowed in the theory:
where n is an integer.
Conclusions
In this paper we made some observations about a particular classical theory of massive electrodynamics in 2 + 1 dimensions. We showed that the classical equations of motion enjoy a discrete symmetry that amounts to an electricmagnetic duality which differs from the usual notion of electric-magnetic duality for the massless theory. In the usual massless case, electric-magnetic duality exchanges the massless Abelian gauge field for a massless scalar field. In the case studied here, the dual theory is also that of a massive Abelian gauge field. Another difference between the duality presented here and conventional electricmagnetic duality valid for massless photons is that in the massless case the dual descriptions are not simultaneously valid. Thus, in 2 + 1 dimensions, when sources are present, either the scalar field description or the gauge field description is valid, not both (at least globally). This is because the Bianchi identity of at least one description fails in regions where a source is non-vanishing. This is not the case here. The fact that we can use either description relies on the equations:
which are valid even in the presence of sources. One could imagine that the natural theory of a massive photon would be a mass term deformation of the dual massless scalar theory. A mass term for the scalar theory is quite natural and does not pose any obvious conceptual problems. However, the relationship of a massive scalar to a vector field theory is not clear.
